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Abstract:- In this paper we are investigate the steady state and partial generating function of single server
retrial queue. We concentrate the case of exponential service time and explicit expression for the stationary
distribution and factorial moments for the single server retrial queue.
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l. INTRODUCTION

Queueing systems with repeated request have many useful applications in communication and
computer system modelling. The main characteristic of the single server queue with repeated requests is that a
customer finds the server busy upon arrival returns to the system after a random amount of time.

Most queuing system with repeated order are characterized by the following feature, if the server is free
then the arriving customer enter service, if the server is occupied the customer must leave the service area and
enter a pool of unsatisfied customers. An arbitrary customer in the pool generates a steam of repeat requests
that is independent of the rest of customer in the pool. This type of situation arises in telephony.

M.MARTIN and J.R.ARTALEJO [2] considered a service system in which the processes must serve
two types of impatient units. In the case of blocking the first type units leave the system whereas the second
type units enter a pool and wait to be processed latter.

Fayolly [7] deals with simple telephone exchange with delayed feedback. In earlier Farahmand [9]
derived single line queue with repeated demands quests. Falin [5] developed an exhaustive analysis of the
system including embedded Markov chain, fundamental period and various classified stationary probability
distributions, more specific performance measures, such as the number of least cost and other quantities are also
developed. Now we considered an example for retrial queue.

A computer network in client — server host, there is an always-on host, called the server, which services
requests from many other hosts, called clients. The client hosts can be either sometimes-on or always-on. A
host computer wishes to send a message to another computer. If the transition medium is available, the host
computer immediately sends the message; otherwise the message will be stored in a buffer and the host has to
try again sometime later.

1. THE MATHEMATICAL MODEL
We consider queuing system in which arrive according to Poisson stream with rate A>0. Any customer
who finds the server busy upon arrival leaves the service area and join a pool of unsatisfied customers.
The control policy to access from this pool to the server is governed y an exponential law with linear
intensity1s,, = t'-:’|:l — -:?_“_D:l + nw, when the pool size nelN. The service times are general with probability

-

distribution function B(x) and meanf3y == @2. The input stream of arrivals service times and intervals between
successive repeat requests are assumed to be mutually independent. Also, let/5{s) be the corresponding

Laplace-Stieltjes transform. _
The state of the system can be described by the process X(t)={C(t),N(t), £{£)} where C(t) denote the

state of the server 0 and 1 according to whether the server is free or busy, N(t) the number of unsatisfied
customers at time t and if C(t)=1 the, £{t) represents the elapsed time of the customer being served. We neglect
£(t) and consider only the pair {C(t), N(t)} whose state space is S={0,1}*N.

Now we study the necessary and sufficient condition for the system to be stable. To see this, we
investigate the ergodicity of the embedded Markov chain at the departure epochs. Let N, be the number of the
customer in the pool at the time of the n™ departure.

We have the fundamental equation,
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Nn:Nn—l'Bn"'Vn
Where V, is the number of customers arriving the n'" service time, and
B,=1 if the n"serve customer from the pool
=0 otherwise.
Now {N, n&N} is irreducible and aperiodic,

To prove ergodicity we shall use Foster’s Condition,

1. ERGODICITY OF EMBEDDED MARKOV CHAIN
3.1 Foster’s Condition:
An irreducible and aperiodic Markov chain is ergodic if there exists a non-negative function f(s), s€ N and >0
such that the mean drift
g =E L‘p::.“"rr!—‘l:' — f{Np)/ Ny = 5] (3.1)
Is finite for all s €N and@, = —e. WseNExpect a finite number,
We consider the function f(s) =s. We then obtain.
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Where ¥ = a5

Clearly if 1 satisfies the inequality
; - 'SE-'..' (3.2)
ATE

Then we have lim ;.. ¢; = 0.

-}rcil_

Therefore the embedded Markov chain  {N,,NN} is ergodic . The same condition is also necessary for
ergodicity .The proof follows by Sennot et al., which states that we can guarantee non-ergodicity if
{N,, neN} satisfies Kaplan’s condition, @; < +22{j = 0] and there is a j, such that @; = 0(j = jo) .

P;=0 (j=i—1k 1= 0)Where P=P; (1,j=0, 1,....... ) is the transition matrix associated to {N,,nEN}.

Since the arrival stream is Poisson process, We use Burke’s theorem given by Cooper [4].
3.2 Burke’s Theorem: _ _
The limiting probabilities P = limeLB{C(8), N(t) = (4,70}, (i, j)eS

Exist and positive iff the inequality (3.2) holds.

3.3 Analysis of the steady state probabilities

We now study steady state distribution of our queuing system .Let P;(z) be the generating function of the
sequence P{;-J.- JeNY fori £{0,1}. We also consider in the steady state and

k=P.[Y=]]
Ko=Pao
K1=Po1+P1o
ka=Poo+Pii
Kj:Pij+P;j;;1 ..... J>=1)
The generating function of the customers in system in steady state is given by
k(z)=X =, (Poj +Pyjq)?
= Po(z)+2zPy(z),for |z| = 1(3.3)

Finally we denote by Q(z) the generating function of the number of customers present in the system in the
standard M/G/1 queue. This is given by

5 L1-=z) Bli-A=)

Qlz) ={1-y) JSorlzl =1 (3.3)

Bli-Az)—=z

Wheref5(s] is the Laplace —Stieltjes transform defined by
Bls) = J.; e=tdf(t),s = 0,

Theorem3.3 (a)

If v>0,cr = 0 and ¥ < 1, then
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Po(2)=z TH{Z)1—(§gq) Tg—— — (35)
r "_:H__"_'R'I
‘o

x T X,
1-Rii-A=
Pi2)=5r 5P (3.4)
Where
18(A-1x)-1 |
H(z)=(1-y)exp {j [ ———dx (3.5)

T BiA-Ax)-=x
Is the partial generating function of {P; jeN}. In the classical retrial queue associated with the case v>0 and
o =0
Proof:

Our queuing theory system can be viewed as a vacation model verifying the assumption given in
Fuhrmann and Cooper [8]. Thus the number of customer present in the system at a random point can be
decomposed into the sum of two independent random variables, where one of the these is the number of
customers in the corresponding standard M/G/1 system and the other is the number of customer in the model
under study given that the server is on vacation. This property is known as stochastic decomposition law.
Stochastic decomposition for retrial queue was observed by and is applications were discussed by Artalejo,J.R
and Falin [3]. By thls property we have,

(3.6)

Where
PO:P()(].).
On the other hand, we also note that the number of transition in a cycle at which the number in the pool increase
from j-1 to j equals the number of transitions at which the number of customers in the pool decreases from j to
j-1.Then we get ,
o+ (j+ 1)) Pyjaq = APy jeN (3.7)

On taking generating functions we have

Y @+ (D) Z?Pi.d
_Il':I:-

=u

oa

Q’Z PC'_,"—'.I. Z"I. + I"Z :j + l:l PC'_."—'.I. Z =4 Z .IDj_ = Zd

j=0 = =
Q':::Pc.i ZD + PE.:Z-I + Pc.g Z: + PE.;_ZE vae v +E":::.ID|:.-_|_ + EPE.:Z + 3PC'3 Z: + :l = )‘P'.l :_.7::1
o 2 3 3 3 £
_::_PE.121+P|:.:_.7—+PE.EEC"FPE.;_Z . +|.|P|:1_.7+ 7P|:.-.?' +‘3P|:a R "..__,|=/-|.P1:.__.7__,|

|

~ (Po(z) — Poo) + v(Py'(2) = APy (2)
vz(Py(z) + a(Pylz) — Pyy) = APy (z)
= (K (2)-Po(2))4

= (Q (2) Po'Po (2)-Po (2)) A

vz(Py(z) + Pylz){a + (1 — Q:ﬁ:z}P.;."] = aPyg (3.8)
P(z)a+ A1 —Q(z)R;' rs
"EI}} |___.7:| + g )I - Q e ) = .._7 .IDE.E.
" o o (3.9

Solving we obtain

ey Jopgluddu _ p 1/ qlu)du
Ppizle v? = EP,:.,:.E" v dz+c
vz
Where
(a+Ai1-Qi{=) Py
R ——
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o Pplz) = exp {% fI:: glu)dul(Py — av™ 1Py, iI:: x texp {_‘—?qi:u}du}}d X (3.10)
To determine Py and Py, we set z=0 in (3.10) and we have
Po=Q(0)=1-¥ (3.11)
Replacing Pyin (3.10) and setting z=0 we obtain after algebraic manipulation.

1

Py = 8 H(0) + (1 — 5.;.,:}’—; (,I',:_1 ¥ fe-1f :jjx}a‘xj (3.12)
We have _
{11’1 N - .
expi— | glulduy == -Hi=z
P UJy j 1 —y) =

Substituting (3.11) and (3.10) in (3.12) and rearranging leads to
-

P () Z e aia X
plz) =+ THZ) WL —y)
1-y)
~1 -1 ~1 r g
) ) v , ) cAl=y)
=1l ) i o ) L':._“_ =1i. -1, L]
— ¥l S HID)+ {1 -85 x—J ¥ fv-1H M x)dx xJ Xty v ——dx
o i) ! e o | s x) i Hx) ]
_ . Ll oy o
z=e-1H(z) \ e wre e PV x fe-1H Y (x) dx
= _I_.l _—’.\ [:l —¥)— av :-.':'E'E!'H:'-G-’I + :__l ey ST A g
tL=¥) @), x fv-1tH M x)dx
1y P
- -7 . " ” -'l.z XG-".-‘—'.I.H_i:_.xJax
Pylz)=Z""vH Z;'[l —(1—8gg) Ry .
af, x v-1H N x)dx

We have K (z) = Py (z) + zP; (2)
ZP1(2) =K (2)-Po(2)

Q{=z)Pplz)—Fplz)
ZP,(2) = — &

A2l=) \ £
ZP]_ (Z) = :F_.;\. - l__.IPE :E__,l

V12 BUA=Az) o
P1(@)= (1 =¥ — Dhglz)
. [1-2) BlA-Az)— Bl A-Az)+ =,

P, (2) = ({1 —y) 1P(z)

Bli-Az)-=
_=ii-flA-A=) o o o
ZPl (Z) - .'3':/‘._/._3_.'_3 .-'IPE'ZJI
_(1=8id-Az)y , o
P1(2)= B(A—Az)—z" Polz)

Note that in the special case v=0,(3.10) reduces to a simple expression that is consistent with the result given in

Farahmand[9].\

V. EXPLICIT FORMULA FOR THE CASE OF EXPONENTIAL SERVICE TIMES
We assume that the service times are exponential distributed with rate it .Let F be the hyper geometric series
given by
F(abicz)=2i—;

anldins" (4.1)

(Elnn

Where (x),, is the pochhammersymbol, which is given by
) _[ 1,forn=10 }

Y T e 4+ 1) e (x +0 =) fornz=1

We shall derive the following result.

Theorem (4.1) (a)
Ifv>0, & = 0 andy < 1then
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Q) The partial generating functions Pi (2),ic(0,1) are given by
Py(z) = (1 — yz) Py, ;F-—+ 1L + 1; yz) (4.2)
Py(z) = (y)Pgo(z)F (—+ 1,1: —+ 1; }’71 (4.3)
(i) The limiting probabilities {P (i,j)€S} are given by
i ‘At -1
Poy(@) = F(——+ L1~ =+ 1yz)
s 1 At

PC'_," :Z:l = .IDE.E. :::Z:l'}-’-'ll [ ,_j'. =1

2+ a[:"ﬂ’,-:m) +1).

Py (z) = Polziy? "—, =0
1742) ooy L"r‘r.u"l‘f)j

(iii) The partial factorial moments .-‘rfi forie{0,1} and kel are given by
M = (1 —yz) Py (2)F)

-1

[-'J{ + &

; &
__r +hEk+L—+hk+LyLE= ljl
L:._g_.-'::*'_,' + ‘rjk X 7 [ v

Mg = (1 —yz) Poo(2)(A + o) " Lk! =™l =

A
- 1%
.'"rfé = PE‘E' :3_}'}.’F (—+ l l + l ']- I| rf = PI:I: 7).‘_ .}_ kT '.l_.TF (4 4)

H

Proof: _
Since B(x) = 1-87#, "x =0)

HX) = (1-¥) eu:p<— | de}

Lot Bla-dx)—=x

=(1-¥) le_l —-:r%—la'x}
Fa=—10 .
= (1) e'{p{— I_r = 1I|x—*‘-'/;-ax}
((x—p) \)
=(1-y) le—lﬂg ”“,-J ;J

(yx— 1}:1

= (1-v) Hp{—lﬂg J

AS
N O R
Thus H(x) = (1-7) {1 }

Substitution of (3.8) into (3.9) yields

v .l @y BN lda —1
Poy ==(), x fw—2® —o0es
oo o -0
~1
v 1 _ ol
Pog = — A J x Jw—1ITyE)
g — "\ TalT —1 |:
[(1-7) ]
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Let t=}x the integral in (3.10) reduces to

-1 IR
Vi e A dt

J xVo=1(1 = yx)"v dx = J (1—¢)"
o oy .-,,_ ¥

@y ¥ Eg - I
=y vyt {1 =) Tedt

Using hyper geometric series, formula given by Abramowitz and Stegun [1].

ie,
~Z @

Z
J te il -t =—F(a,1-bl4+az)for0=z=1ab>0
o a

Herez=y ,a =%/y b= (A-*"H +1
~1

J x Tw l—}x; x—{{} —
|:.

.."-...

.F (g..f"':" \ M1+ % 51”? by

Hence

v N 1V
Poo=—{1-v CFC %y, ™o 1+ %y 57)]

. " I'.;I‘I.".,_..:—‘_I_ - R— ! V] —
Poo = (1—y) T FC %y, i1+ % ;1178 (4.5)
From Bailey,
We have

4! E_b_

Flc—a,c—bcz)={1-2)
P Y ':1-":'.:.:—1 r ) -‘.r.:_
PE‘E‘ = |._]. —FJ)" ' ['l -—r¥:

P |: |:.

I
L |
™
S
3
f
+
=
a
=
e
el
|
e

TR T XN Foo .'“'.r v (A dx
[Po(@)=z *H{z){1—(foa) o]

x ST iHT(Adx

Polz) = (1 — y2)Poo[F( A T8/, +1,1; 1+ %/ ;2¢)]

Using this result from (3.6) we get
[P1(2) =
.ID :.Z =¥ .IDEE

o(Z)]

.'?'/ Az)—=

—;¥2)

To prove (3.10) and (3.11) we have from (3.12) _
Polz) = (1= y2)Poo[FC A T %0, 41,15 14 %y 5 21)]

) .A + &r.- 1), I}J.-_.
S 5,

oo
?'\
—')I ':1—.;._:' ;
=0 =0 - -

o
o
II

J!
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Solve this equation we get
/' +a.

i A )i
Py;(z) = Py —E—j=1
o2t w0 ¥ A+al 1+ J'
We have from (3.12)

oo _.x +

N . J-JU-U
Z PL.-EJ = PE‘E‘ ']-’ Z l + 5 P
= J=o L v 4". I

Equate we get

=+ 1)
=P ¥ 'm
Pz = Poo 'H—Hh

Proceeding like this

Pij = Poo y™1 T—I—l}’J

As z— —1in Py(z) we obtain M} for i{0,1}

Since P{1+z) = Ef:,:%J ief0,1}
E;D3ﬁ1+ﬂf=;@+;ﬁ§+ ........................
.-‘Jé_ = P+ P+ Py, 120 the-a;bove equation become
M{ = Pgp(1))

i - ~ . P ~ P, /-!. +|5." o -
"My =(1—y) My=1{1-—y)Ps :__l)F:__T + 1,11 +—;y)

L

Similarly we find other values of .-‘J,E'
In the k™ term is

» vy D at+a 1 a
My = Pooy™ k! ( T JF——+k+Lk+11+k+—;v)
': Jk t L

To find

. . ) A+
Polz) = Pyld+ )t [a’ + AF

E)

o
+1,1,1 +::}’z)

By the definition of hyper geometric function and (4.1), .-‘JE can be expressed as follows:

oo At

. S B
Mg = PAGA D) G =D e = Dy
+1);
1=k
By nothing that o
JU=—Dn G-k + )= j2k =1 ... (4.6)
I-’F.+x":
M = Popd(A+a) IR, gty sk (4.7)
4 I-\.T_ I;I."‘ ji Ir
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Using this ratio test we conclude that the series involved in :’rfi converges when
¥ = 1.In case ¥ = 1 the series diverges finally, ifi = 1 we cannot conclude from the ratio test anything at all

about our series .We know from Raabes test that both series are divergent .Thus both series are convergent iff
¥ < 1 These arguments guarantee that M7, exists for allkeN, ie{0,1].

For the case @ — 0 and v->0, the results given in theorem 3.4(a) reduces to the expressions obtained by johin
and Sedol [12]
Now for the case @ — 0 and v->0the steady state probabilities.,

et
E (z) F i A Loy -’I_.'. =1
L e — - ;o é‘l 2
pjlz) o0 ¥ .5'.+G:’:::]_+E:,|."r
I r".:c:+ l‘;.l A
Pi; =Py piTl m .j = 0 becomes
Y o
P (Z) } l oo T ':I
5 :—-? = ——| _ 'Il_l ] :i?
S A a(i—a,)

P(2) = y(1—p)pl,j= 0
Where

p=AA+a)p ta?
The above result agrees with the inversion of the generating function given proposition 1 in Faylloe [10].

Corr: 1

(i) The probability of blocking is P, = Py (I)M;.

(ii) The factorial moments of the pool size is in by M, = .-‘ri’E + ;‘rfijfor keN.

(iii) In the particular caseex = 0 and v = 0, the factorial momenis becoms .-‘JE' =1-v, .-‘ri’,;‘_ =Y.
(iv) In Particular for the casecr = 0 and v = 0, the factorial moments becoms .-‘r'f,E' =1-v, .-‘ri’,;‘_ =y,
i(Z=-y) (2o tkz1

L 1—p

Falin[3] and Hanske [12]
Independently obtained the generating functions of the stationary distribution of M/M/2.Characteristics
of M/M/1 retrial queue discussed by Falin[2].

V. CONCLUSIONS
In this paper detailed about the steady state distribution and partial generating functions of a single
server queue. We concentrate on the case of exponential service times and finally we obtained explicit
expression for the stationary distribution and the factorial moments for a single server queue.
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