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ABSTRACT: We show analytic functions ¢, (¢ + €) on R, such that (R) € R. We can define a weighted
composition operator by f +— (@ + €)(f o @). In this work we deal with the boundedness, compactness, weak
compactness, and complete continuity of weighted composition operators on Hardy spaces Hs,4(6 > 0). In
particular, we prove that such an operator is compact on H, if and only if it is weakly compact on this space.
This result depends on a technique which passes the weak compactness from an operator T._; to operators
dominated in norm by T.
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I. INTRODUCTION

When does a weighted composition operator map the Hardy space Hg,, into itself? A weighted
composition operator W, (,+) is an operator that map s € X (R), the space of holomorphic functions on the
unit disk R , into (Wy_1) ¢, cp+e) (0 (@) = (¢ + &) @)f(@(z)) , where ¢ and (¢ + ¢) are analytic functions
defined in R such that @(R) < R. These operators turn up in a natural way. And Forelli obtained the same
result for the Hardy spaces Hg,,when & > 0,6 + 1 # 2(see[7,9 ]).

When (¢ +¢€) =1, we just have the composition operator C,, defined by C, (f) = fo ¢ . In this case,
Littlewood’s subordination theorem says that C, (f)eHs,whenever feHs, ; that is, C,:Hsq — Hsyq is a
continuous linear map for & > 0 [3]. The situation is really different when we consider weighted composition
operators (Wy_1) (p+e) ON Hs4q. It is easy to find examples where (W;._1) ¢ (o+e)(Hs+1) € Hsiq. In part Il
we characterize the boundedness of (W,_1),o+¢) from Hs 4 into Hs.,4.

In part 111, we tackle this problem from three points of view: we study the cases where (W;_1) ¢ (o +¢) IS
compact, weakly compact, and completely continuous on Hg,. Let us recall that an operator T._; from a
Banach space X into another Banach space Y is said to be compact if T._; maps bounded subsets into relatively
norm compact sets; T,._; is said to be weakly compact if it maps bounded subsets into relatively weakly compact
sets; and T,_, is said to be completely continuous if it maps weakly compact subsets into compact sets. It is
well known that if T._; is compact, then it is weakly compact and completely continuous. The other
implications are not true in general.

In [13], Proved that if a composition operator is weakly compact on Hy, then it is, in fact, a compact
operator on this space. In Theorem 3.4, we prove that (W;_1), (o+)iS cOmpact on H, if and only if it is weakly
compact on this space. And a result which passes the weak compactness from one operator T._; to another
operator S,._; such that ||S,._;x|| < || T._;x]|| for all x see Proposition 3.2.A similar result for compact operators is
well known and can be seen, for example, in [5]. We think that our proof is more elementary. It is worth
mentioning that in [2,15] the first named author and D"1az-Madrigal proved that (W,_;), (p+¢)iS COMpact
on H,.if and only if it is weakly compact on it.

In Section 111, we also characterize the case where (W;_1)¢ o+ IS COMpact on H.,; 8 > 0. Note that
when § <0 < oo, (W_1)g,p+e) IS always weakly compact on Hs,, . Although the classes of completely
continuous and compact weighted composition operators agree on Hg,; for § > 0 this result is obvious for
8 > 0, and it can be seen in [2] for € = oo, they are not the same on H,, . This was pointed out for composition
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z+1

operators by Cima and Matheson [1,15] by showing that the composition operator C,,, with @(z) = z (T) , is

completely continuous on Hy, but it is not compact. In part 4,we study the case where (W._1)q (p+e) IS
completely continuous on Hy. For composition operators this result was obtained by [1,15].

In what follows we denote by Tthe unit circle, by m the normalized
Lebesgue measure on , and by ||f||s,the usual norm of a function f € Hs,;. We refer the reader to [3,9,14,15]
for the terminology and results about spaces of analytic functions.

Il. BOUNDEDNESS

In this part we characterize the boundedness of (W,_;), s+10Nn Hsyq in terms of a Carleson measure
criterion. This criterion has been used to characterize boundedness of composition operators (see, [10,11,15]).
Definition 2.1. A positive measure p on R is called a Carleson measure ( R). if there is a constant M < oo such
that u(S;_1(b,©)) < Mr forallb € Tand Tt < 0, where S,_;(b,t) = {z € R: |z — b| < 1}.
Most of the information we are going to obtain about weighted composition operators will be given in terms of a
certain measure, which we turn to next. Given an analytic function ¢ of the unit disk into itself, it is well known
from Fatou’s theorem that the radial limits lim,_,; —(p(reie). exist almost everywhere. So, we can consider ¢ as
a function belonging to L., (T, m). Thus, taking Hs.,1, we can define the measure 1, (o +),5+1)0n R by

b ® = [ Jg+eldm
o~ 1(E)<nT

Where E is a measurable subset of the unit closed disk R.
The next lemma will be crucial in what follows. In fact, it is a slight generalization of [8,15].
Lemma 2.1. From [8]. Fixing & = 0 and given ¢, ¢ + € € Hs,4 such that ¢ (R) we have

[ 8dpresn = [ 1o+ el @og)am
R T

where g is an arbitrary measurable positive function in R.
Proof.If g is a measurable simple function defined on R given by g = ¥, ;Xg,, We have that
n

f_ gdp-<p,<p+s,8+1 = Z Q |J-<p,(p+s,8+1 (El)
R i=1

n n
= Z o f l@ + €|®*1dm =f | +¢|®*! (Z @ Xp-1 (E)N "J]") dm = f lo + ] go@dm
= @~ L(E)NT T T

i=1
Now, if g is a measurable positive function in R , we take an increasing
Sequence (g,). of positive and simple functions such that (gn(z)) - g(z). For allz € R. Then, we have
fﬁ g dugp+es+1 - On the other hand, (Ip + €l**g,0¢) is an increasing sequence such that (|(p+
n

e8+1zgnpz—@+ed+1zgoz for all ze R, so

f_ gndp-q),(p+£,8+1 = f |(P + S|8+1gnO(\0 dm - f |(P + S|6+1g0(10 dm
R T T

An obvious necessary condition for W, ,..W to be bounded on Hg,; is that @ + & = (W,_1) ¢ o+ (1) €Hg 1.
Whereas this condition is trivially sufficient for & = oo it is not sufficient for 6 < o« .

Theorem 2.2. Fixing 6 > 0 and given (@, @ +€) e Hs,y such that (R) € R, we have that (W;_1), ¢+¢iS
bounded on Hs, if and only if p, e 541 is @ Carleson measure in R.

Proof. On the one hand, by [3] ¢, +¢5+1iS @ Carleson measure in R if and only if there is a constant C > 0 so
that

f_ 15+ dptg psessn < CIFISH
R

for all f € Hg; . On the other hand, by Lemma 2.1, taking g = |f|3+?, we have that

5+1
f_ |f|6+1ducp,cp+£,5+1=f |(p+£|6+1|f0(p|6+1dm=||(Wr—1)cp,cp+£”6+1
R T
Hence, Wy p+e5+115 @ Carleson measure in R if and only if there is a constant C>0 so that

1
||(Wr—1)cp,cp+£(f)”5+1 <C /§+1”f”5+1f0|’ all fe H8+1'
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In[12,15] , got a sufficient condition of the boundedness of (W;_;) ,+.0n H;. Namely, they showed that if the
measures given by

W(E) = f (@ +&'@ (1 — |212) dAG)
E

and

v(E) = f lo + @@ +8)'(@)*(1 — [zI*) dA(2)
E
for every measurable subset E of R, where A denotes the Lebesgue measure on R , satisfy
S.—1(b, S.—1(b,
H(rl( T))<OO and V( 1( T))<OO

0<t<1,beT (< 0<t<1,beT (<
Then (W,_1) ¢ +is bounded on H,

1Hl. COMPACTNESS AND WEAK COMPACTNESS
In this part, we present the main result of this work, namely, every weakly compact weighted
composition operator on H, is compact on this space. Its proof leans on the following preliminary results. The
first one can be found in [4,15].
Lemma 3.1. Let(x,). be a bounded sequence in a Banach space X. Then (x,). Is weakly null if and only if for
each subsequence (x,, ). there is a k sequence of convex combinations of(x,, )., that we denote by (y,), such
that k||, || = 0.

Proposition 3.2.Let X, Y, and Z be Banach spaces, and let T,_: X - Y

and S,_;: X — Z be bounded operators such that ||S,_,x|| < ||T,._,x]|| for all x € X.

Suppose that there are two linear topologies 7; on X and t,on Y such that T,_; is 7, —
T,continuous, (By, T, ).ismetrizable and compact, and the weak topology of Y is finer than 7,. If T,._; is weakly
compact, then so is S, _;.

Before proving this proposition, it is worth mentioning that we plan to

apply it to the spaces X =Y = H;, t; the topology of uniform convergence on compact sets,z, the topology of
the pointwise convergence, and T,._; = (W,_1) g ¢ +¢-

Proof. Let(x,). be a sequence in By. We have to find a subsequence (x,, ). Of (x,). such that (Sx,,).
converges in the weak topology of Z.

Since (By,t1). Ismetrizable and compact, there is a subsequence(xnk). of (x,). and a point d xeBysuch that

(xnk - x). converges to zero in the topology 7;. This is the subsequence we are looking for. Now, using Lemma

3.1, we are going to prove that (S,_l(xnk — x)) is a weakly null k sequence. Bearing in mind that T,_; is
T, — T, continuous, the weak topology of Y is finer than 7, , and T,._; is weakly compact, we have that
(T,_l(xnk - x))converges to zero in the weak topology. Let us take a subsequence ¥;.. of (x,, ). Then there is a
sequence(z;). of convex combinations of the ¥, such that ||S,._;(z; — x)|| = 0. Since ||S,_1(z; —x)|| <
T —1(z;, — x)]|I, we have that ||S,_; (2, — x)|| = 0. Summing up, for each subsequence (y,) of (xnk), we have
k found a sequence (z;). of convex combinations of the y, such that ||S,_;(z, — x)|| = 0. By Lemma 3.1,
(Sr—l(xnk - x)) converges to zero in the k weak topology.
The proof of the following lemma can be obtained by adapting the proof
of [3].
Lemma 3.3. For 6 = 0 and ¢, (¢ + €)eHsq such that o(R) € Rand (W,._1), 4+, is continuous on Hs_q, We
have that (W,_1) ,+. is compact on Hs, if and only whenever £, is bounded on Hs, and f, — 0 uniformly
on compact subsets of R, then [|(W,_1)y (p+e) (£, , = .
Theorm 3.4.Given ¢, (¢ + €)e H, such that o(R) € R and (W,_,) ,+.is continuous on H,, we have that the
following assertions are equivalent:
i. The operator (W,._;), o+ IS COMpact on Hy.
ii. The operator (W,_1),,+. is weakly compact on H,.
iii. The measure p,, , . 1 Satisfies.
i #(p,<p+£,1(5r_1(b,r))
limsup———— ==
-0 peT T

0

Proof.(i) = (ii). This is obvious.
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(ii) = (iii). We apply Proposition 3.2 with X = Y = H;, 7; the topology
of the uniform convergence on compact sets, 7, the topology of the
pointwise convergence, and, of course, T, _y = (W,._1)y 4. It is clear that (W,._;), 44 is T; — T,CONtINUOUS.

Consider the map S,_;:Hy = Lo(R, tty y4e1)9iven by S,_1(f) = f. By Lemma 2.1, we have that
||(Wr_l)(p_wg(h)||0 = ”S"l(h)”L1(mw,¢+g,1)'for h e Hy. Since (W,_1), ,+is Weakly compact on H, , by
Proposition 3.2, S,._; is alsoweakly compact.

Now, suppose assertion (iii). is not satisfied. Then there are § > 0,7, » 0(0 < 7,, < 1), andb,, € T such
that 1y p1e1(Sr—1(bn,T,)) = B, Let us denote a, = (1 —1,)b,and f,(2) = 1/(1 — a,2)". Then f,e Hy

and

_ 1 14+(1-7,)?
”fn”O - ‘L'731 (2+Tn)3 .

Now we take g, = f,,/lIf.llo. To get a contradiction, we are going to show that for each subsequence(gnk) , the
sequence S,_l(gnk)is not weakly k kconvergent. By[14,15], it will be enough to get that the set
{S,_1(gn,): keNl}is not uniformly integrable, i.e., there ise > 0 such that for every n >0 there exists a

measurable subset A of R and keN such that Ng.p+e1(A) <7mand fA |gnk |d,u¢,,4,+g,1 >¢.Take e = /4 and let
us fix an  arbitrary n. Since p, ,..1is a Carleson measure, there is a constant M such that

[T (Sr—l(bn'rnk)) <n for allbeT and 0<t<10. So, we can takek such that
g pten (Sr_l(bnk,rnk)) <7.On the other hand, bearing in mind that |f,, (z)| > (Zrnk)_4 whenever z €
Sy—1(bn,» Tn, ), We have that

—4 —4

27 27T

|gnk|d.u§0,<p+s,1 2 ¢”¢,§0+5,1 (Sr—l (bnk'Tnk)> 2 Mﬁ‘[nk =
eI, 51,

RSN

Sr—l(bnk”"k)
(iit) = (i). We will apply Lemma 3.3. Before doing this, we have to
introduce an auxiliary Carleson measureu. By (iii),

#(p,(p+e,1 (Sr—l (bnk' Tnk))

lim sup =
0 peT T
Then we also have that
W._,(b,t
lim sup #g0,<p+s,1( r 1( )) =0

-0 peT T
where (W,_;) (b, 7). are the Carleson windows in' R given by
W,_i(b,t) = {Gewe]R: 1-71<€<1,10—-t| < ‘r}
Where = et . Given £ > 0, we may find 7, such that ,uq,,(pﬂ‘l(W,_l (b, r)) < 2¢tforallb € Tand t < 7. Let
us define the measure u given by
H(E) =ty pre1 EN{zER1—15 < 2]} < 1)
Then u is a Carleson measure on R with y(W,_l(b,r)) < 2er for 0 < 7 < 1(see[3]). So, by[3] , there is a
constant C (independent of &).
such that

JgIftdu < celiflly,

forall f € H;.

Once we have built the measure u , we are going to apply Lemma 3.3 to

get that (W,._1), 4 +-1S compact on H,. Take (f,). a sequence in H, such that (f,) — 0 uniformly on compact
subsets of R and ||f,,]l; < 1. Then, by Lemma 2.1,

Since (f,) —» 0 uniformly on compact subsets of D , there is n, such that if n e N and n = n, we have that
(@D < €/tgpren ((1 —19) ]R). forall ze(1 —7y) R.
So

&

f( )_lfnld:u<p,<p+e,0 < #(p,(p+£,1((1 - TO)TR) =€
1-19) R

On the other hand, we have that

Hy,o +£,0((1-19) R)
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f \fuldpgpreo = f foldu = f \fuldu < Cellfullo < Ce
R/(1—10)R R/(1—rp)R R

Hence ||(Wr_l)q,lq,Jrgfn||1 < (1+0C)e.

Theorem 3.5.Fixing 6 > 0 and given @, ¢ + € € Hsqsuch that (R) € R and (W,._,), 4+, is continuous on
Hgs 1, we have that (W,._1),, 4+, is cOmpact on Hy 4 if and only if
S._1(b,T

lim sup #g0,<p+s,6+1( r 1( )) —

-0 peT T
Proof. Suppose that (W,._1), ,+¢iS compact on Hs,; and that there are § > 0, 7y - 0(0 <77 < 1), and b, €

Tsuch thatpy, , e 541(Sr—1(b, 7)) = BT,. Let us enote a, = (1 — 7,)band £, (2) = 1/(1 — a,z)*/**1. Then
fn € H6+1 and

0

IF 351 = 11+(1-1,)°%
fn 5+1 _,[731, (2+Tn)3

Now we take g, = f,/IIfulls+1- By [3], g,,converges to zero uniformly on compact subsets of R. By Lemma
3.3, to get that (W,_1),,,,+. is NOt compact, we have just to show that || (W,_1) ,+ (gn)||5+1does not converge

to zero. Arguingas in the proof of Theorem 3.4, we have that

5+1
”(WT—1)<PKP+£(fn)”5+1 = f |(p + £|6+1 |gn ° (p|6+1dm = f_ |gn|5+1d:u<p,<p+£,5+1
T R
2r,)™ (27,)™* B
= f |gn|5+1d:u<p,<p+e,6+1 = ++1d#<p,<p+e,é+1 (Sr—l (bnrrn)) = ++1.3Tn = Z
S(bp,tn) ”fn”5+1 ”fn||5+1
The other implication can be obtained by following the same steps as in

the proof of Theorem 3.4.

1IV. COMPLETE CONTINUITY
In this part we characterize the case where (W,._),, , . is a completely continuous operators series. Its proof is
a slight generalization of [1,15].
Theorem 4.1.Given ¢,¢ + ¢ € Hy such that p(R) € R and (W, _1), 44, IS continuous on H,, we have

(Wy-1) ¢ +¢is completely continuous on Hyif and only if ¢ + & = 0almost everywhere in {e"? eT: ¢ (e )eT}.

Proof. Let f be a function in L, (T, m). By the Riemann-Lebesgue lemma, the sequence given by its Fourier
coefficients is in ¢, , so we have

that fT f(2)z"dm - 0 as n — oo. Equivalently, the sequence (z")converges to 0 in the weak topology
of Ly (T, m). and, hence, in H,. Therefore, ||(Wr_l)q,lwg(z”)||0 - 0. Moreover,

[ deweldm=] et ellpldm =W gpe GO,
{e‘se'ﬂ‘:go(ele)e'll‘} {e‘eeT:q)(e‘e)eT}

Hencef{eie 19)ery @ + €] dm=0, and we get that ¢ + & = 0 almost everywhere on the set{e®eT: @(e'®)eT} .

e']I‘:cp(
Conversely, let (f,). be a weakly null sequence in Hy. Since (fn(z)) — 0for all z€ R and ¢ + =0 almost
everywhere in {e®€T: ¢(e®)eT} , we have that (W,_;) o (). goes to zero pointwise almost everywhere on
the unitcircle .In particular, the sequence (W;_1) ¢ o+ (f,). converges in measure to zero in Ly (T, m). Moreover,
(Wr_1) g0+ (f2) goes to zero in the weak topology of Hoyand, so, in the weak topology of Ly (T, m) . Finally,
bearing in mind that a sequence in Ly (T, m)converges to zero in the norm topology whenever itconverges to
zero in measure and in the weak topology see [6,15], we have that||(W;,_1) ¢+ (fn)||0 -0.
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