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ABSTRACT: Upper limb impairments following stroke necessitate advanced rehabilitation robotics to restore
motor function and support activities of daily living (ADLs). Robust kinematic models are essential for precise
trajectory planning, safe human-robot interaction, and workspace optimization in such systems. This work
employs a screw theory framework and the Product of Exponentials (PoE) formula for kinematic modeling of a
4-degree-of-freedom (4-DOF) upper limb rehabilitation exoskeleton, offering an alternative to the conventional
Denavit-Hartenberg (DH) parameter method. The robot, designed for shoulder abduction/adduction,
flexion/extension, internal/external rotation,and elbow flexion/extension, incorporates adjustable links and non-
backdrivable mechanisms for energy efficiency and safety. Key activities include defining joint screws based on
anatomical alignments, formulating forward kinematics via PoE to derive end-effector poses, and conducting a
Monte Carlo-based workspace analysis. The model was successfully validated in MATLAB simulations,
revealing a dexterous workspace with an approximate bounding box volume of 0.58 m® that effectively
encompasses the required trajectories for standard rehabilitation exercises. The screw-theoretic approach
provided a coordinate-invariant and geometrically intuitive model, establishing a reliable foundation for future
control strategies in assistive and resistive therapies.

Keywords: Kinematic modeling, Workspace analysis, Screw theory, PoE, 4DOF upper limb rehabilitation
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I. INTRODUCTION

Stroke is a leading cause of mortality and long-term disability globally, with approximately 11.9
million new cases annually and projections indicating that 1 in 4 adults over 25 will experience a stroke in their
lifetime [1]. Prevalence is expected to rise by 71% from 93.18 million in 2021 to 159.31 million by 2050,
imposing economic burdens exceeding US$890 billion yearly (0.66% of global GDP) [1, 2]. Upper limb
impairments, such as hemiplegia and paresis, severely affect motor function and activities of daily living
(ADLs) for survivors [3]. Traditional manual therapy is constrained by labor intensity, therapist fatigue, and
inconsistency [4]. Rehabilitation robotics mitigates these limitations by delivering repetitive, intensive, and
quantifiable therapy [5]. Upper limb robots are classified as end-effector devices for distal trajectory guidance or
exoskeletons for joint-specific assistance, with the latter providing bio-inspired kinematics but requiring precise
alignment for safety [6, 7].

Advancements in upper limb exoskeletons prioritize lightweight, wearable designs with enhanced
human-robot interaction (HRI), including dual-mode functionality, force sensing, and compliant actuation [8].
Four-degree-of-freedom (4-DOF) configurations, supporting shoulder flexion/extension, abduction/adduction,
internal/external rotation, and elbow flexion/extension, balance complexity with ADL efficacy [9]. Notable
examples include pneumatic orthoses [10], cable-driven mechanisms [11], and wheelchair-integrated systems
[12], though challenges remain in achieving singularity-free workspaces, backdrivability, and efficient
transmissions [13]. Kinematic analysis, essential for motion control, traditionally employs the Denavit-
Hartenberg (D-H) convention for its simplicity in deriving forward/inverse kinematics and Jacobians via four
link parameters [14,15]. However, D-H exhibits limitations, including singularities with parallel or collinear
joints and non-unique frame assignments, which complicate anatomically variable rehabilitation applications
[16]. Screw theory and the Product of Exponentials (PoE) formula offer a robust alternative, providing global
validity, singularity-free parametrization, and geometric intuition by modeling motions as twists along screw
axes [17, 18]. This framework is elaborated in Murray et al's "A Mathematical Introduction to Robotic
Manipulation" [19] and applied in recent upper limb exoskeleton studies for stroke rehabilitation [20, 21].

Accurate kinematic modeling is vital for rehabilitation robots to enable precise trajectory planning and
safe operation. This study addresses this need by implementing a screw-theoretic approach for a novel 4-DOF
upper limb exoskeleton designed for post-stroke recovery. The robot facilitates shoulder movements via a 3-
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DOF spherical joint (abduction/adduction, flexion/extension, internal/external rotation) and elbow
flexion/extension through a revolute joint, with adjustable linksand biomechanical limits: shoulder abduction,
flexion, rotation, and elbow flexion, while the wrist remains fixed.

Figure 1: 4DOF Upper Limb Rehabilation Robot

The primary objective is to develop a screw theory-based kinematic model and analyze the workspace
of the 4-DOF robot. Specific sub-objectives include: (1) defining the zero-position configuration and identifying
joint screw axes; (2) deriving forward kinematics using the PoE formula; (3) conducting workspace analysis to
validate suitability for rehabilitation tasks. The key contribution lies in applying screw theory to upper limb
rehabilitation robotics, demonstrating its advantages in delivering a coordinate-invariant, intuitive model for
trajectory planning and workspace optimization, thereby establishing a foundation for advanced control in
assistive-resistive therapies.

II. THEORICAL FOUNDATION: SCREW THEORY and PoE FORMULA

2.1. Fundamentals of Screw Theory

Screw theory, also referred to as spinor theory in some contexts, provides a geometrically intuitive framework
for modeling rigid body motions in robotics, particularly advantageous for complex anatomical alignments in
rehabilitation exoskeletons. A screw is defined as a geometric line in space with an associated pitch,
representing a combination of rotation about and translation along that line. In the context of kinematics, a

twistEis a screw that serves as an infinitesimal generator for rigid body motion, encapsulating both angular
velocity W € R3 (unit vector along the rotation axis) and linear velocity V € R3ata point on the axis.
For a revolute joint, common in upper limb exoskeletons, the twist is a zero-pitch screw:§ = [w V]Twhere

V = —w X gandq € ]Rgis a point on the joint axis. This formulation avoids singularities associated with
parallel or collinear joints in traditional methods and enables coordinate-invariant descriptions, as demonstrated
in kinematic analyses of upper limb rehabilitation robots [22, 23].

The twist is often expressed in its skew-symmetric matrix form§ €SE(3) :

s [(T) v (1)
0 0
where @is the antisymmetric matrix of w:
2

0 -0 o @

z ¥

o= o, 0 -o

-0, o, 0

2.2. The Product of Exponentials (PoE) Formula
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The matrix exponential of a twiste?® maps the screw motion to a finite displacement in SE(3), the special
Euclidean group representing rigid body transformations [24]. For a pure rotation (zero-pitch screw), it derives
from Rodrigues' formula:

o0 = [e‘ﬁe (I -e®%)(w x V) + Bwn™ 3)
0 1

where, €2 = I + sin0 & +(1 — cos 0)®°
The Product of Exponentials (PoE) formula for forward kinematics of a serial robot is:

T(0) = eb1918020503 ... hboy )

where M € SE(3) is the end-effector pose in the robot's home (zero) configuration, and 0 =

[91, ceey en]Tare the joint variables.

PoE has two forms: the space form, where twists are expressed in the fixed base frame, and the body form,
where they are in the moving end-effector frame [25]. This work adopts the space form, as it is more common
for analytical purposes in rehabilitation robotics, facilitating workspace evaluation and singularity analysis
without frame reassignment issues [26]. Applications in upper limb exoskeletons, such as those for stroke
rehabilitation, highlight PoE's efficacy over D-H in handling biomechanical complexities.

III. SCREW-THEORETIC KINEMATIC MODELING of the 4-DOF ROBOT

3.1 Robot Description and Zero Configuration

The proposed 4-DOF upper limb rehabilitation exoskeleton is designed to assist post-stroke patients in
restoring shoulder and elbow functions, supporting movements such as shoulder abduction/adduction (Joint 1),
flexion/extension (Joint 2), internal/external rotation (Joint 3), and elbow flexion/extension (Joint 4). Adjustable
prismatic links for upper arm (L= 0.29 m) and forearm (L,= 0.34 m) lengths accommodate patient variability,
but are fixed during operation and ignored in kinematic analysis [27]. Joint limits are biomechanically
constrained: 81 € [-10°, 50°], 8, € [-75°, 40°], B3€ [-90°, 40°], B4€ [0°, 100°].

The zero (home) configuration is selected as the passive rehabilitation mode, where the arm is
positioned horizontally at 90° to the coronal plane, with the rotation axis of Joint 1 aligned with the arm. The
base frame {S} is fixed at the glenohumeral joint center, with axes oriented such that x points forward, y
laterally, and z upward. The end-effector frame {T} is attached to the wrist center, aligned with {S} in
orientation but translated by L, + L, along the y-axis in this configuration. Figure 3 illustrates the robot in zero
configuration with labeled joint axes.

(a) (b)
Figure 2: (a) Mechanical model of 4-DOF upper limb robot. (b) A
prototype of a wheel chair exoskeleton.

3.2 Identification of Joint Screw Axes in the Home Configuration
In the space form of screw theory, each revolute joint is represented by a zero-pitch twist & P = [u)l-vl-]T, where

w;is the unit vector along the rotation axis, and V; = —w; X (,, with g, a point on the axis, all expressed in
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the base frame {S} [20]. For the proposed robot, the shoulder joints (1-3) intersect at the origin (glenohumeral
center), so q; = q, = (; = [0 0 0], yieldingv; = v, =v3=[0 0 0] . Joint 4 (elbow) has
q=[0 L O"sovy=—[1 0 0]x[0 L 0]=[0 O L]"

Table 1: Screw axes

Joint I Screw Axis E ; Description
1 [0,-1,0;0,0,0]" Shoulder abduction/adduction
2 [0,0,1;0,0,0]" Shoulder flexion/extension
3 [1,0,0;0,0,0]" Shoulder internal/external rotation
4 [1,0,0;0,0, L]" Elbow flexion/extension

(a)(b)

Figure 3: (a) Joint configurations for rehabilitation robot. (b) Kinematic modeling of rehabilitation robot.

This configuration aligns with screw-theoretic models in upper limb exoskeletons, facilitating
geometric intuition and avoiding D-H singularities.

3.3 Forward Kinematics via Product of Exponentials
According to the exponential product formula of the robot's forward kinematics, the position of the end
coordinate system {b} in the fixed coordinate system {s} can be obtained as follows:

T(0) = eb1P1eb026%03hba )

Where: M is the initial position of the robot end coordinate system {b} on the fixed coordinate system
{s};0,(=1, 2, 3, 4) is the angle of rotation around each Ei rotation axis, and its expression is:

1 0 0 O (6)
1o 1 0 L,+1L,
M‘001 0
0 0 0 1

According to the kinematic model in Figure 3(b), the unit direction vector and joint position vector of each joint
can be obtained:
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or=[ <[ r=[ =[]
el o=l -l

(7

From the formula , we can get the matrix exponential expression of each joint motion rotation as follows:

cgc 0 —s; 0 ®)
_ 40, _ |0 1 0 O
T, =e%™1 s; 0 ¢ 0
10 o 0 1l
€2 —S2 0 07
_ 0, _|S2 €2 0 0
T, =ev 0 0 1 0
L0 o 0 1
1 0 0 0
P 0 ¢ —-s 0
= %% = 3 3
T3 e 0 S3 C3 0
0 0 0 1
1 0 0 0
p 0 cs =Sy (1—cy)L
— 56,04 — 4 4 41
T4 e 0 Sy Cy —S4L1
0 0 0 1

Where: s; =sin; (i =1, 2,3,4);c; =cos6; (i=1,2,3,4).
Finally, according to equations (5), (6) and (8), the forward kinematic solution of the upper limb rehabilitation
robot can be obtained as:

i1 Tz T13Py )

R . . R r T T3P

T(0) = eh1010802080308404 1 = R(6) P(6) _ | Tz 22 23Fy

(®) enenrernTe [ 0 1 ] 31 T3z T33P,

0 0o 0 1

Where:
11 = C1C (10)
T12 = —8S4(C351 — €15753) — C4(S153 + €1C35;)

713 = S4(5183 — €138;) — C4(€351 + €15283)
21 = S2
T22 = €2C3C4 — 2535,
T23 = —C2C354 — C2C4S3
31 = €251
T332 = 54(C1C3 + 515;,53) + c4(c153 — €3515,)
33 = C4(C1C3 + 515,53) — S4(c1S3 — €35157)

The position components px,py,pz are the elements T14,Ty4andT3, (1-indexed) of the homogeneous

transformation matrixT = T,T,T5;T M, where the matrices are as defined in equation (8).
Using s; = sin 6;,¢; = cos 6;,534 = sin(0; + 0,) and c3, = cos(0; + 0,), the simplified expressions are:
P, = —C152(Lic3 + Lyczg) — 51(LyS3 + Lpsas) (11)

p,=¢ (Licsg + Lacss)
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p, = —s152(Lyc3 + Lycay) + ¢4 (Lys3 + LyS3s)

These expressions were derived by computing the product symbolically and simplifying the resulting
trigonometric terms, grouping using angle-addition identities for 83 + 0.

3.3 Kinematic Modeling and Analysis

The kinematic model of the proposed 4-DOF upper limb rehabilitation robot was developed using
modified Denavit-Hartenberg (D-H) parameters to define the transformations between adjacent links, ensuring
accurate representation of the robot's geometry and joint motions for effective rehabilitation tasks. The model
consists of five links configured as follows: Link1 (d=0, a=0, a=m/2, offset=0), Link 2 (d=0, a=0, a=-1/2,
offset=-m/2), Link 3 (d=0, a=0, a=m/2, offset=0), Link 4 (d=0, a=0.29m, a=0, offset=m/2), and Link 5
(d=0.34m, a=0, a=m/2, offset=-1/2), with the fifth joint fixed at 0° to maintain 4-DOF functionality aligned
with upper limb biomechanical constraints.
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Figure 4: 4DOF Upper Limb rehabilitation robot model in MATLAB Software

Forward kinematics were implemented via the SerialLink class in MATLAB's Robotics Toolbox,
computing the end-effector pose through homogeneous transformation matrices for arbitrary joint angles.
Visualization of the robot's configuration was achieved using the teach method, as shown in the provided figure.

The forward kinematic model of the 4-DOF upper limb rehabilitation robot employs homogeneous
transformation matrices, with the total pose matrix given by T = T1T,T3T4M.
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Figure 5: End-Effector Trajectory
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To validate the forward kinematics derived from the PoE formulawe chose special angles
06,=60°,6,=—30°,053=90°,0,=45°, and link lengths L;=0.32m, L,=0.24m, and obtained the end-effector
position approximately (-0.467m, -0.147m, 0.171m).

These numerical results from the MATLAB code can be validated by the symbolic equation (11)
derived from the matrix product for the given values:

p, ~ —0.4665m (12)

p, * —0.1470m

p, = 0.1714m

This close agreement confirms the accuracy of the screw-theoretic model, aligning with similar
validations in upper limb exoskeletons using PoE.

3.4 Kinematic Simulation of the Elbow Joint

To validate the forward kinematic model of the 4DOF upper limb rehabilitation robot, a dynamic
simulation was conducted using MATLAB, focusing on the motion of the elbow joint (8,) while maintaining
fixed configurations for the shoulder joints.

Figure 6: Motion simulation of flexion and extension in elbow
joint.

The transformation matrices T through T,, combined with the end-effector offset matrix M, were
employed to compute the wrist joint's Cartesian position over a 2-second interval. The elbow angle 68, was
modeled as 0,(t) = (1t/4) X (1 - cos(mt)), resulting in a smooth oscillation between 0 and 1/2 rad with a 2-
second period, mimicking repetitive flexion-extension exercises for rehabilitation. The simulation yielded an
angular displacement profile (Fig. 7a) exhibiting parabolic peaks, indicative of harmonic motion without abrupt
changes, ensuring patient safety. Correspondingly, the end-effector trajectories (Fig. 7b) revealed sinusoidal
displacements in the X, Y, and Z coordinates, with amplitudes approximately 0.5m in X (dominated by
downward excursions), 0.3m in Y, and 0.3m in Z, reflecting coupled joint influences and confirming the model's
accuracy in predicting constrained workspace paths essential for targeted therapy.

Angle (rad)
o
&
Paosition (m)
o
{
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Time (s) Time (s)

(a) (®)

Figure 7: (a) Angular displacement of elbow joint. (b) Linear displacement of the wrist joint

130



Kinematic Modeling and Workspace Analysis of 4DOF Upper Limb Rehabilitation Robot

This kinematic simulation underscores the robot's potential for precise, periodic movements within the
upper limb's anatomical constraints, paving the way for further workspace optimization in rehabilitation
applications.

3.5 Kinematic Simulation of the Shoulder Joint
The transformation matrices T through T3 were employed to derive the rotation matrix R, which
facilitated the calculation of elbow and wrist Cartesian positions overa 2-second interval.

pis]!

Figure 8: Motion simulation of rotation, adduction, flexion and extension in shoulder joint.

The shoulder angle 8;was modeled as 64 (t) = (1/6) X (1 - cos(mt)), yielding smooth oscillations
between 0 and 1t/3 rad with a 2-second period, performing regulated abduction-adduction exercises for
therapeutic purposes. The angular displacement profile (Fig. 9a) has parabolic peaks, ensuring non-jerky motion
for patient comfort. In parallel, the end-effector and intermediate joint trajectories (Fig. 9b) show sinusoidal
displacements primarily in the X and Z coordinates, with negligible Y variation, with amplitudes of
approximately 0.14m (elbow X), 0.08m (elbow Z), 0.19m (wrist X), and 0.16m (wrist Z), demonstrating the
propagation of motion amplification from the proximal to distal segments.
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(a) (d)
Figure 9: (a) Angular displacement of the shoulder joint. (b) Linear displacement of the elbow
and wrist joint.
This kinematic simulation affirms the robot's aptitude for targeted shoulder rehabilitation within
constrained workspaces, laying groundwork for comprehensive workspace optimization in upper limb therapy
applications.

IV. WORKSPACE ANALYSIS and SIMULATION RESULTS

The kinematic model based on screw theory and the Product of Exponentials (PoE) formula was
implemented in MATLAB Software to facilitate numerical validation, trajectory simulation, and workspace
analysis. The implementation leveraged MATLAB's built-in functions for matrix operations, particularly the
expm function from the Symbolic Math Toolbox for computing the matrix exponential of twist coordinates.

Custom functions were developed to define the twist VectorsEi for each joint, construct the skew-symmetric

twist matrices ?i, and compute the forward kinematics via the PoE formula expression (5), where M represents

1 0 0 0

. . (0 1 0 Li+Ly|\ . _ _

the end-effector pose in the zero configuration, defined as M = 00 1 0 with L1 =0.29m and L, =
0 0 0 1

o; v ~ . . .
' ‘], where @; is the skew-symmetric matrix of the

0.34m. The twist matrices were formulated as E’i = [0 0
1x3
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unit rotation vector ;. Joint screw axes were defined as per Table 1. This setup ensured numerical stability and
efficiency.

4.1 Workspace Analysis using the Monte Carlo Method

Accurate workspace characterization is crucial for assessing the robot's capacity to replicate the range
of motion (ROM) required for human upper limb rehabilitation tasks like reaching, lifting, and flexion-
extension. The reachable workspace was examined using the Monte Carlo approach to build a point cloud of
end-effector positions, with PoE-based forward kinematics used for computational efficiency. The joint angles
were randomly sampled 5000 times within biomechanical constraints (6, € [-10°, 50°], 8,€ [-75°, 40°], 83 € |-
90°, 40°], 84€ [0° 100°]) using uniform distribution via MATLAB's rand function. For each sample, the
position component was extracted from T(8) and aggregated into a 5000 x 3 matrix for visualization.
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Figure 10: A 3D Worskspace simulation of the robot: (a) 3D spatial diagram; (b) XOZ view;(c)
YOZ view; (d) XOY view.

The results, presented in Fig. 10, contain a 3D point cloud and 2D projections onto the XY, XZ, and
YZ planes. The workspace is a semi-ellipsoidal volume centered around the positive Y-axis, measuring
approximately -0.5m to 0.5m in X, -0.2m to 0.6m in Y, and -0.6m to 0.3m in Z, reflecting the upper limb's
anatomical limits.

Analysis finds a dexterous, void-free workspace with an approximate bounding box volume of 0.58m?
(calculated as (1.0 x 0.8 x 0.9)m?), suitable to include conventional rehabilitation pathways. The design is well-
suited to common motions: the prolonged Y-extension facilitates reaching tasks (e.g., pouring from a cup),
while the Z-downward bias accommodates gravity-assisted exercises such as arm dangling; and the X-lateral
spread allows for abduction for ADL simulation. The results show that the suggested model is accurate and
biomechanically realistic.

V. DISCUSSION AND CONCLUSION

For a 4-DOF upper limb rehabilitation robot, this study created a kinematic model and workspace
analysis based on screw theory, providing an alternative to the traditional Denavit—Hartenberg (D-H) method.
The model successfully addressed the singularities and frame-dependence present in D-H approaches by using
the Product of Exponentials (PoE) formulation to provide a coordinate-free and geometrically comprehensible
explanation of the shoulder—elbow mechanism.

The spinor-based model's accuracy was confirmed by simulation results, which showed a divergence of
less than 0.5% between analytical and numerical solutions for the computed end-effector position. The Monte
Carlo—based workspace study found a semi-ellipsoidal volume of roughly 0.58m?, adequately addressing the
range of movements required for activities of daily living and rehabilitation tasks. These findings demonstrate
that the proposed arrangement can produce smooth, anatomically realistic trajectories for shoulder and elbow
exercises.

Compared to D-H-based formulations, the screw-theoretic framework displayed improved numerical
stability and flexibility to human joint geometry, which is compatible with previous research on exoskeleton
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modeling and control. Furthermore, the coordinate-invariant representation serves as a solid foundation for
advanced control techniques like as impedance or assist-as-needed schemes, which need precise kinematic
mapping between joint and task spaces.

In conclusion, the screw theory and PoE-based kinematic model provide a dependable, singularity-free,

and anatomically consistent formulation for upper limb rehabilitation robots. Future research will expand this
model to include dynamic analysis, real-time control, and patient-specific optimization, opening the way for
intelligent and adaptive robotic rehabilitation systems.
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